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STABILITY OF UNSTEADY MOTIONS IN FIRST APPROXIMATION
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Results obtained in [1] are extended to nonautonomous systems and a wider class
of nonlinearities. The question of application of the Liapunov vector function is
considered.

1, Let us consider the system of differential equations of perturbed motion
Y=QOx+ROY+YEN+Y(xXY) (1.1)
X=P@)x+X( x,Y), x& R", yERk

where P, Q and R are continuous and bounded for ¢ >> 0 matrices of corresponding
order and functions Y.and X satisfy conditions

Y0, 5)=0 X0, y)=0 (1.2
X xNIHIXCX D]t for x| +]y]~0
] = (L.3)

We assume that solutions of the linear system

x* P (t)x* ) (1.4)
satisfy the condition

[x* (&5 to, Xo*) [ << B xo* | e-xt-t0  (B>0, 2> 0-const; i >t>0) (1,5)

Let us consider the system
Y =R@O)y*+ Y (¢ v¥) (1.6)

which is obtained from the first group of Egs.(1.1) for x = () whose solutions are deno-
ted by y* (2; to, Yo*). The variational equations for system (1, 6) are of the form
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g - [R (t) + 3)* Yr=y*({; to, )'o")] § (L7

We denote by Q (t; t, yo*) the fundamental matrix of solutions of system (1.7);
we have Q (to; £y, ¥o*) = E, where E is the unit matrix, and Q (¢; t,, yo*) =

ay* (t; to, ¥o*) / ayo*.

2, Theorem 1. Letus assume that
1) the zero solution of system (1, 4) is exponentially asymptotically stable (see

(1.8));
2) the zero solution of system (1, 6) is uniformly stable relative to ¢,, and
3) there exist constants # >> 0 and N > O such that for £, > Oand || yo*| < 2

we have 1Q (5 Lo, Yo [N for t>1, (2. 1)

The unperturbed motion | x | = | y | = O of system (1. 1) is then Liapunov-stable,
and exponentially asymptotically x-stable for any functions Y and X that satisfy con-
ditions (1. 2) and (1. 3).

Proof. Asshown in [2], condition (1, 5) implies the existence of a positive definite
quadratic form V (¢, X) with bounded coefficients, which satisfies the equation

oV (¢, x) /0t -+ grad, V (¢, x)-P (t)x = — | x| ?
The second group of Egs.(1. 1) implies that the derivative of function V is of the form
Vo(t,x,y) = — || x|* 4 grads V (¢,x)- X (¢, X, y) (2.2)
According to (1.3) there exists such f§, 0 << f§ <C 4, that in the region
t>0, |x)<B Jy[<B (2.3)
the inequality
Vi, x,y) << —a|x[P (a=const>0) (2.4)

is satisfied,
Let us consider the arbitrary solution X (#; £5, Xq, Vo), ¥ (¢; tp, Xo, ¥o) Of system
(1. 1) with initial conditions in the region

to >0, x| <8 [yol<8, 8<B (2.5)
That solution satisfies conditions
1% (25 tor Xo0 Yo) | <IBs ¥ (&5 tos Xo0 Yo)| <SP (2. 6)

at least in some interval (¢y, 7). Hence,by virtue of (2.4) we have [3]
"x(t; foy Xos Yo) "<c2 ”x()"e—'\’(t—to) for te(ty, I') (>0, 7>0-const) (2.7
Condition (1. 3) and the inequality (2. 7) yield the estimate

1Y (£, x (& 2os Xos ¥o)» ¥ (£; Zor X0, Yo)) | <€ %o [ €771 (2.8)
te=(ty, T), cs=const>0

Function y (; £y, Xo» Yo) which satisfies the system of equations
y. = R(t)y + Yo(t’ y) + Q (t)x(t; t07 XOa y()) +
Y (¢, x (4; o, Xos Yo)» ¥ (E5 Los Xo» Yo))
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can be represented by the formula [4] '

Y (&5 o, Xo, Yo) = y* (t; o, yo):+ S Q {t }'(T; tos X0y Yo)) X (2.9

s

[Q (V)x(T; to, Xq, Yo) + Y (v, x(T; fo, Xy Yo)» ¥ (Ts Lo, Xo, Yo))]d¥

By stipulation

Q@ i< M =const for t >0 (2.10)
Using (2. 7), (2. 8),(2. 10) and condition (3) of the theorem, for ¢t & (¢, ') from
(2. 9) we obtain
1y (£ tos Xou Y) [ <P Y* (55 to Vo) + (2.11)
t

N (Me, + eg) ol § e710dr Iy*(ts tor yoll + N (Meo ¢ 7l
lo
Let € be an arbitrarily small number, 0 << & << B. We set § (¢) > 0 in (2. 5) suf-
ficiently small to have the inequalities

8 < sese, ¢y = min{c;'. TN (Me, + c3) 7} (2.12)
I¥* (6 to, Yo) | <{Mae  for ¢ >ty tg >0 (2. 13)

satisfied (the latter is possible by virtue of condition (2) of the theorem). Then from
(2.7) and (2, 11) it follows that for ¢ & (t,, T) :

I (25 ty. Xgr Yol | < ge-¥=t), |y (t; to. %o, Yo) [ < & (2.14)

Thus the inequalities (2, 14) are valid throughout the time interval during which con-
ditions (2, 6) are satisfied. Since ¢ <C P, the inequalities (2. 14) are valid for all ¢ >
ty. The theorem is proved.

Note, The above proof shows that condition (3) of Theorem 1 ensutes the uniform
stability of the zero solution of system (1., 6) with respect to ¢, in the case of constantly
acting perturbations r (¢, y) which in region t> ¢, [y << p > 0 satisfy the inequal-
ity v (¢, y) Il < 8exp[—y(t— ty)], where 8 > 0 is arbitrarily small and y= const>>0.

3, Condition (3) of Theorem 1 is difficult to prove, It is possible to dispense with
that condition,
Theorem 2. Letus assume that;
1) the zero solution of system (1.4) is exponentially asymptotically stable ;
2) the zero solution of the system

y*¥ = R ()y* @.1
is uniformly stable with respect to ¢, and
8) function Y° (¢, y) satisfies conditions _

IV @nl<e®lyl Je@®md=D< o 3.2

0
The unperturbed motion of system (1. 1) is then by Liapunov uniformly stable and ex-
ponentially asymptotically x-stable for any functions Y and X that satisfy conditions
(1. 2) and (1.3).
Proof . The initial part of the proof of Theorem 1 up to and including the estimate
(2. 8) remains in this case unchanged. Function y (£; to, X,, Yo), considered as the
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solution of system

Y =R Y+ Y (4 ¥y Lo Xo, Vo) + Q (£) X (8 Lo, X, Yo) +
Y (¢, x(1; {9, X0, Yo)» Y (£ Lo, X0 Yo))

can be represented by the Cauchy formula [5]
t

Y (£ tos Xoy Yo) = R (t; to) Yo + S Q1) Y (T ¥ (T loy X0, Yo)) -+ (34D
to

Q (V) X(T; to, Xo, Yo) + Y (T, X (75 to, Xo, Yo)» ¥ (T o, Xo» Yo))] AT

where Q (#; ?,) is the fundamental matrix of the solution of system (3. 1), and Q (£,;
ty) = E. Condition (2) of the theorem is equivalent to the inequality [5]

[€(t; to)| SN = const  for t >4, t, >0 (3.4)

Using (3.4),(3. 2), (2.7),(2. 8) and (2. 10), from (3. 3) we have
¢

Iy (@& to, Xo0 Yo) | <NV | yol + NS @ (1) ¥ (t; to, X0, Yo) | dT +

.

to
¢
N (Me, + ¢5) | %ol § e =0dt <N [y, + (Mer+ e) v [xa] ] +
t

[
t

N @@y (T to, X0, yo) [ dT. tE (g T)

to

Applying to the last inequality the Gronwall-Bellman lemma [5, 6] and taking into
account (3. 2), we obtain

Iy (& tos Xob Yo) | SNV I Yol + (Mea + e3) 771 %o ] ] X
t
exp N @.(1) de| < N 3ol + (Mea + e9) 7 [ o] 12
to

The proof is completed similarly to that of Theorem 1.

Note. The uniform stability of the zero solution of system (1. 6) follows from con-
ditions (2) and (3) of Theorem 2. It is proved similarly to the foregoing with the use of
the Cauchy formula and the Gronwall-Bellman lemma,

Let Y° (¢, y) = 0; for which systems (1. 6) and (1, 1) assume, respectively, the form

(3.1) and Y=0Q@®Ox+ROY+Y(xy), X =Pt)x+X({ xy) (3.5

The following theorem results from Theorem 2 for ¢ (¢) = 0 .

Theorem 3, Letus assume that the zero solution of system (1, 4) is exponentially
asymptotically stable and the zero solution of system (3. 1) is uniformly stable with, re-
spect to t,. Then the unperturbed motion of system (3. 5) is uniformly Liapunov-stable
and exponentially asymptotically x-stable for any functions Y and X that satisfy con-
ditions (1. 2) and (1, 3).

Note. (1) Theorem 3 ceases to be valid when the stability of the zero solution of
system (3. 1) is nonuniform with respect to #,, as shown by the example constructed by
Perron [2, 6].

2) When matrices P, Q and R are constant, Theorem 3 is the same as Theorem 1
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in {1].

It is possible to disregard condition (3) of Theorem 1, when the uniform stability of
the zero solution of system (1. 6) (see condition (2) of Theorem 1) is established by means
of the Liapunov function with suitable properties,

Let ® and " be vectors in the space R™. For w; <{ §; (i =1, . . ., m) we have
© < ).
Let us assume that there exists a vector function v (¢, y*) = (v, (¢, ¥*), . . -,

Um (2, ¥*)) such that;
1) v and the derivative v' are continuous by virtue of system (1. 6) and v (I,
0) =V (t 0)=0;
2) forsome I, 1 <CI<Cm,v,>0,...,v,>0and
b ¥+ oyt > a () y*)
where a (r) is a continious monotonically increasing function and a (0) = 0;

3) the partial derivatives Jv/dy* satisfy conditions
[ov /ay* | < 9.1 (3.6

o

S @ (t)e-1adt <~ D = const for all t4>>0 3.7

lo

4) the derivative v’ satisfies by virtue of (1. 6) the inequality

Vi Y S v (8 v) (3.8)
5) the vector function I (¢, v).is determinate and continuous in the region
t>0,|v[<<R, v,>20,...v,>0 (3.9

where R = ocoor R >sup [|v (¢, y¥)|:¢ >0, |y*|< H};

6) because v* < v** we have [ (¢, v*) < [ (¢, v**) in region (3. 9) and,
furthermore, f (¢, 0) = 0;

7) for |y*¥/—0 v (¢, y*) — 0 uniformly with respect to ¢ > 0. Let us con-
sider the system of matching o — 1t 0) (3. 10)
using the notation o = (w, . . ., ®).

Theorem 4. Letus assume that the zero solution of system (1.4) is exponentially
asymptotically stable and that there exists a vector function v (f, y*) which satisfies
conditions (1) — (7). If the zero solution of system (3, 10) is uniformly a-stable with
respect to 7, when the conditions w,, > 0, ..., w;p > 0 are satisfied, then the un-
perturbed motion of system (1. 1) is uniformly Liapunov-stable and exponentially asymip-
totically x-stable for any functions Y and X that satisfy conditions (1.2) and (1.3).

Proof. The initial part of the proof of Theorem 1 up to and including the estimate
(2. 8) remains in this case unchanged. By virtue of (3, 8),(3. 6), (2. 5), (2. 7),(2.8) and
(2. 10) the derivative dv (¢, y (¢; to, Xo, Yo))/dt satisfies the inequality

av (L, ¥ (£ tor Xo» Yo)) / dt <E(t, v (t, ¥ (E5 o X0y Vo)) + (3.11)
@ (t) -0 (Mc, + ¢5)8b, £ & (tr T)

where b = (1, . . ., 1). Let us consider the system of matching
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o* =f{(t, 0*) + @ () e~ HSb, H = Mc, 4 ¢4 (3.12)

which corresponds to inequality (3. 11).
We denote the solutions of systems (3, 10) and (3.12) by @ (¢; ¢y, @®,) and o* (¢;
to, ®o*), respectively,and show that the inequality

o* (; ty, @g) < @(t; ty, ®y -+ HDSb) (3.13)

is satisfied in every interval (£y, T), in which the solutions that appear in (3. 13) are
determinate. Let us assume the contrary, i, e. that the relationship

0¥ (1; 1), @) << O (t; ty, 0y + HDSb), te= (4, t;) T (ty, 1)  (3.14)
is valid and that for some ¢
0;* (85 to, @) = @; (t;; &y, ®y + HDSh) (3.15)
From (3. 12), (3. 14),(3. 7) and the property (6) we obtain

ty f}
0 (3 1oy ) = @0+ § E(t, 0% (& 10, @) dt-+ HEb @ (£) -0 dt <
fo 7s
ty

0y -+ HDSb -\ (¢, ® (¢; to, 0o+ HDBb))dt = o (ty; £y, g+ H DSb)
(

to

which contradicts equality (3. 15). Inequality (3. 13) is thus proved.
Let an arbitrary g, 0 <C & << B be specified (see (2. 3)). By stipulation there exists
A (g) > 0 such that for ;9 > 0, ..., ;>0 from

m
D os | <M (3. 16)

follows l =t
1|04 (8 to, @0) | < al(e) for t2>4, 6 >0 (3.17)

s=1
Using the number A (g) it is possible by virtue of property (7) to select & (A (e)) =
8 (8) > 0 such that the inequality

[V (ter Yo | + HDS | b | << 2 (3.18)

is satisfied in region (2. 5).

Considering that condition (6) is stronger than that of Wazewski [7] and taking into
account inequality (3, 13), it can be readily shown, as in [8], that for ¢ & (fy, 7)) from
(2.5) we obtain | y (¢; to, Xo, Yo) | << €. Assuming that 6 << ¢, 'e, we find from(2.7)
that throughout the time interval during which conditions (2, 6) are satisfied, the inequal-
ities(2, 14) are valid, Since e<C [, the inequalities(2,14) are valid forall ¢ > £,, Q. E, D.

Notes. (1) In the particular case of m = 1, f, =0 and ¢ (t) = N = const from
Theorem 4 we obtain the theorem of Dykhman [9]. We note in connection with this that
in the general case of uniform stability it is not possible to prove the existence of a po~
sitive definite function v with a constantly negative derivative v, which has bounded
derivatives gv / dy;.

2) It is possible to waive in Theorem 4 the smoothness of function v by substituting
the weaker condition
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v,y ) — v y**)I<e@ly* —y**)

for condition (3. 6), In that case v" is to be taken as the generalized derivative (see.e, g.,
[5, 10, 11]).

4, Let us consider the problem of instability.

Theorem 5. Letus assume that the zero solution of system (1, 6) is unstable, Then
the unperturbed motion of system (1, 1) is y-unstable for any functions Y and X that
satisfy condition (1. 2).

Proof of this theorem is similar to that of Theorem 2 in [1],

The author thanks V., V, Rumiantsev for his interest in this work,
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